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Aircraft Autopilot Analysis and Envelope Protection
for Operation Under Icing Conditions

Vikrant Sharma,∗ Petros G. Voulgaris,† and Emilio Frazzoli‡

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801-2935

The behavior of a typical autopilot structure is studied for flight under icing conditions. The study is based on
a Twin Otter aircraft model and focuses on the pitch attitude behavior. A quadratic stability analysis using linear
matrix inequalities is conducted to show that the time-varying closed-loop system maintains quadratic stability
under icing conditions. In addition, the problem of envelope protection in the presence of icing is considered; in
particular, how to maintain the angle-of-attack within the stall limits which are time varying. Based on steady-state
behavior, a practical envelope protection scheme is developed and tested via simulation.

I. Introduction

A IRCRAFT accidents continue to occur due to the formation
of ice on aircraft in flight. The development of safer, more

reliable and affordable aircraft must include better solutions for
flight in icing and bad weather conditions. The primary cause of
these accidents is the effect of ice accretion on the performance,
stability, and control of the aircraft.1 Accidents occur when aircraft
are not properly protected against ice accretion either on the ground
or in flight. As mentioned in Ref. 1, this situation may result from
an inadequate ice protection system or aircraft operation outside of
the iced aircraft flight envelope. Icing accidents can be prevented
in two ways: 1) icing conditions can be avoided, and 2) the aircraft
system can be designed and operated in an ice-tolerant manner. For
all aircraft, ice avoidance is the desired goal for increased safety.
However, for commercial aircraft, where revenues and schedules
must be maintained, ice tolerance will continue to be the preferred
method for all but the most severe icing conditions. Currently a
project on developing smart icing systems (SIS) to deal with this
problem of icing is being carried out by a group of researchers at the
University of Illinois.2 The goal of the SIS research is to improve
the safety of operations in icing conditions. This paper is a result
of this SIS research. It studies the effects of ice accretion on the
autopilot stability and performance and also develops techniques
for envelope protection (EP) with the autopilot in operation under
icing conditions. Current practice recommendations dictate that the
autopilot system be shut down immediately when ice accretion is
reported during the flight. The research reported here aims at taking
a step in the direction of developing an autopilot system that is
reliable and robust to icing conditions. This autopilot system will
be tested by integrating it into a high-fidelity real-time simulator
platform, the Icing Encounter Flight Simulator (IEFS),3 currently
being developed at the University of Illinois.

Section II presents the longitudinal pitch attitude hold (PAH)
mode of the autopilot and describes its structure and the closed-loop
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state-space form used for analysis in subsequent sections. Section III
analyzes the stability of the PAH autopilot under icing conditions.
Section IV is devoted to the development of a practical EP module
for the PAH autopilot. Finally, Sec. V concludes the paper with
remarks on the research presented and future directions.

II. Autopilot Model
The research reported in this paper was conducted for the PAH

mode of the aircraft autopilot because it is at the heart of the longi-
tudinal control system of the aircraft. The function of this mode, as
the name suggests, is to track the pitch angle commands issued by
the pilot. The controller structure used for this purpose4 is a propor-
tional integral derivative (PID) controller. This autopilot structure
was selected for the Twin Otter because it represents a standard con-
figuration for autopilot systems. The PAH mode controls the pitch
angle by applying appropriate deflections of the elevator if the actual
pitch angle differs from the desired reference value. The structure of
the PAH mode with the PID controller is shown in Fig. 1. The desired
reference value of the pitch angle to be tracked is denoted by θref and
can be dynamic in nature. The pitch angle of the aircraft is fed back
to ensure that the desired pitch angle is attained. A proportional and
integral controller is applied to make sure that no steady-state errors
in the pitch angle will remain. A feedback loop of the pitch rate
(q) to the elevator has been included to compensate for the small
decrease in damping of the short period mode due to feedback. In
Fig. 1, the “A/C dynamics” block contains the aircraft’s dynamical
equations. (See Ref. 5 for a description of how these equations are
implemented in the flight dynamics code and the Twin Otter aircraft
parameters.) The actuator dynamics block contains a third-order dy-
namic model of the actuators and cables to the control surfaces as
used in Ref. 4. The gains used by the controller, denoted by ki , kθ ,
and kq , are scheduled in terms of the aircraft velocity obtained at
different trim velocities under clean conditions. Table 1 shows the
values for these gains at different flying velocities.

These gain values were chosen to have good gain and phase mar-
gins at all operating conditions. Table 2 shows the gain and phase
margin values of the closed loop broken at the control input. Be-
sides the PAH autopilot there are other modes including the altitude
hold, heading hold, and roll attitude hold that use similar classical
control structures as the one described here for the PAH autopilot.
For details of these structures we refer to Ref. 4. The altitude hold
mode is used to maintain a reference altitude, which is specified by
the pilot. This mode uses the PAH mode as an inner loop, indicating
that the PAH mode forms the basic structure for the longitudinal
autopilot modes, hence justifying the importance of analyzing it.4

For all these modes the gains were chosen to provide good perfor-
mance and robustness characteristics comparable to the PAH autopi-
lot. A sample of responses is provided in Figs. 2a, 2b, and 2c. The
atmospheric disturbances and sensor noise were incorporated into all
these models. The external disturbances are mainly due to nonsteady
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atmosphere and sometimes due to ground effect. The wind profile,
which simulates the earth boundary-layer effects, was based on the
International Civil Aviation Organization (ICAO) standard atmo-
sphere. Stochastic disturbances were used as means to describe at-
mospheric disturbances. The Dryden spectral density functions were
used to fit the theoretical and experimental data on atmospheric tur-
bulence. The atmospheric turbulence was modeled as white noise
passing through a linear filter. (For more details on the parameters
involved and their values, the reader is referred to Ref. 5.) The sensor
noise was incorporated to represent the uncertainties resulting due
to measurements obtained from various devices. Band-limited white
Gaussian generators were used to represent the noise, and the am-
plitudes used were based on sensor uncertainties given by Ratvasky
and Ranaudo.6 The actual amplitudes used were twice those given
by Ratvasky and Ranaudo.5 The PAH autopilot model described in
this section has already been incorporated into the IEFS.7

A. Iced Aircraft Model
This section describes how the aircraft dynamics are affected by

icing. Because the study in this paper is limited to the longitudinal
motion of the aircraft, only the linearized longitudinal flight dynam-
ics of the aircraft are considered, as follows8:

u̇ = −gθ cos(�0) + (
Xu + XTu

)
u + Xαα + Xδe δe (1)

ẇ = −gθ sin(�0) + Zuu + Zαα + Z α̇ α̇ + Zδe δe + (Zq + U0)q (2)

q̇ = (
Mu + MTu

)
u + (

Mα + MTα

)
α + Mα̇ α̇ + Mqq + Mδe δe (3)

where u is the forward velocity; w is the downward velocity; q is
the pitch rate; θ is the pitch angle; α is the angle-of-attack; and δe is
the elevator deflection angle; U0 and �0 represent the trim values of

Table 1 Gains for the PAH autopilot at different velocities

Velocity, m/s kθ ki kq

40 −1.1 0.5 −0.1931
50 −1.014 0.5 −0.1431
60 −0.9 0.5 −0.0631
70 −1.016 0.5 −0.2631

Table 2 Gain and phase margins for the PAH autopilot
at different velocities

Velocity, Gain margin, wGM, Phase margin, wPM,
m/s db rad/s deg rad/s

40 12.49 19.782 105.98 3.1388
50 20.228 18.029 75.287 2.1388
60 16.196 18.658 81.96 2.4864
70 10.425 19.812 94.833 4.0177

Fig. 1 The block diagram of the closed-loop PAH autopilot model.

forward velocity and pitch angle, respectively; and M∗, Z∗, and X∗
are the stability and control derivatives as appropriate. The effects
of icing are manifested in these stability and control derivatives.
During an icing encounter, the stability and control derivatives will
change slowly over a period of several minutes. It was reported in
Ref. 6 that the only significant changes occur in the Mα , Mq , Zα ,
Zq , Xα , and (Xu + XTu ) stability derivatives and in the Mδe and Zδe

control derivatives. Values of these parameters for the Twin Otter
for both the clean and the iced case can be viewed in the literature.9

Flight tests have been conducted and reported10 that provide data
on the changes in these parameters.

These changes due to icing can be captured through an icing
severity parameter. In particular, a linear variation of the parameters
with respect to this icing severity factor was used as reported in
Ref. 1:

C(A)iced = (
1 + ηKC(A)

)
C(A) (4)

In this equation, η is the so-called aircraft icing parameter. It is
a time-varying parameter that represents the amount and severity
of the icing encounter at the given flying conditions for a partic-
ular aircraft for operation in the linear aerodynamic regime. For
details on the variation of aircraft parameters in the nonlinear aero-
dynamic regime, the reader is referred to Ref. 11. The term KC(A)

represents the change in an aircraft parameter C(A) that is constant
for a given aircraft. C(A) is any arbitrary performance, stability, or
control derivative that is affected by ice accretion, and C(A)iced is
its value under icing. For the linearized stability analysis conducted
in the next section, it will be assumed that, at a given condition,
the maximum possible value of the icing parameter η, denoted by
ηmax, is known and, hence, η can attain values between 0 and ηmax

at that condition. In other words, η is a time-varying parameter that
increases from η = 0 when the aircraft is clean, to a fully iced value
of ηmax. A typical value of ηmax is 0.1.

The nonlinear PAH closed-loop system under icing conditions
can be linearized and a state-space system is obtained in the next
subsection.

B. Closed-Loop State-Space System
To conduct a quadratic stability analysis of the Twin Otter longitu-

dinal behavior under icing conditions, the nonlinear aircraft model is
linearized about various trim points. The original aircraft linearized
system has 12 states, defined by

xaircraft = [V α β p q r φ θ ψ xe ye H ]T (5)

where V , α, β, p, q, r , φ, θ , ψ , xe, ye, and H are the aircraft’s veloc-
ity, angle-of-attack, sideslip angle, roll angle, pitch rate, yaw rate,
yaw angle, pitch angle, roll angle, X coordinate in earth fixed refer-
ence frame, Y coordinate in earth fixed reference frame, and altitude
above sea level, respectively. Now, because the aircraft longitudinal
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a)

b)

c)

Fig. 2 Responses of different autopilot modes: a) pitch tracking by the
PAH autopilot to a pitch up input of 6 deg at 60 m/s, b) altitude response
of altitude hold autopilot to the reference altitude command of 50 m at
a height of 2300 m, and c) roll-angle tracking of the roll attitude hold
autopilot to a roll command of 3 deg.

and lateral dynamics can be decoupled and have very little effect
on each other, the full linearized aircraft model can be reduced to
a model with four longitudinal states for PAH autopilot design and
analysis.12 The states chosen are

x1 = [V α q θ ]T (6)

For the Twin Otter aircraft parameters, the reader is referred to
Ref. 5. Due to the affine dependence of the aircraft parameters on
the icing parameter η as demonstrated by Eq. (4), the linearized
state-space system matrices of the original nonlinear aircraft model
are found to be affinely dependent on the icing parameter; that is,
the linearized aircraft open-loop state-space model can be written
as a time-varying system of the form

ẋ1 = Aacx1 + Bacu1 (7)

where

Aac = A0 + η(t)A1, Bac = B0 + η(t)B1 (8)

u1 is the elevator deflection, and x1 is given by Eq. (6). A0 and B0

represent the aircraft state-space system matrices for clean condi-
tions, A1 and B1 can be viewed as the matrices representing the
change in the dynamics due to the presence of ice, and η(t) is the
time-varying icing parameter. To obtain the state-space system for
the closed-loop PAH model shown in Fig. 1, the gains and the refer-
ence signals are defined in a vector form for convenience of analysis
as follows:

xref = [0 0 0 θref]
T , Kθ = [0 0 0 kθ ]

Kq = [0 0 kq 0], Ki = ki (9)

Let the actuator dynamics be given by

ẋ3 = Aelvx3 + Belvu3, u1 = Celvx3 + Delvu3 (10)

The input to the actuator dynamics denoted by u3 is given by

u3 = −Kθ (x1 − xref) + x2 − Kq x1 (11)

where x2 is the state added to the system due to the integrator in the
control loop and is given by

ẋ2 = −Kθ Ki (x1 − xref) (12)

The whole system with states x1, x2, and x3 then can be represented
by the following state-space equation:





ẋ1

ẋ2

ẋ3











Aac − Bac Delv(Kq + Kθ ) Bac Delv BacCelv

−Ki Kθ 0 0

−Belv(Kq + Kθ ) Belv Aelv









x1

x2

x3





+






Bac Delv Kθ

−Ki Kθ

Belv Kθ




 xref (13)

where x1 ∈ �4, x2 ∈ �, and x3 ∈ �3. The preceding system can be
rewritten as

ẋ = Aclosedx + Bclosedxref (14)

Now using Eq. (8), the closed-loop matrices of the preceding
system can be rewritten in the following form and are seen to be
affinely dependent on the icing parameter η:

Aclosed(η) =






A0 − B0 Delv(Kq + Kθ ) B0 Delv B0Celv

−Ki Kθ 0 0

−Belv(Kq + Kθ ) Belv Aelv





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+ η(t)






A1 − B1 Delv(Kq + Kθ ) B1 Delv B1Celv

0 0 0
0 0 0




 (15)

Bclosed(η) =




B0 Delv Kθ

−Ki Kθ

Belv Kθ



 + η(t)




B1 Delv Kθ

0
0



 (16)

III. Quadratic Stability
A. Definition and Problem Setup

We will consider the question of stability analysis of the sys-
tem defined by system (14). The question is, with θref = 0, does
system (14) satisfy limt → ∞ x(t) = 0 for every initial condition x(0)
and η ∈ [0, ηmax]? If so, we say that the system is robustly stable over
� = [0, ηmax]. One class of sufficient conditions for robust stability
is based on the notion of quadratic stability.

Definition 1: The system given by the equation:

ẋ = Aclosed[η(t)]x (17)

is said to be quadratically stable for all time varying perturbations
η(t) lying in the set � = [0, ηmax] if and only if there exists a single
quadratic Lyapunov function V (x) = x T K x, K > 0 whose deriva-
tive is negative along every trajectory of the system, i.e.

dV [x(t)]

dt
= x T

{
AT

closed[η(t)]K + K Aclosed[η(t)]
}

x < 0

for all η(t) ∈ �, or equivalently, there exists K = K T > 0 such that

AT
closed[η(t)]K + K Aclosed[η(t)] < 0 (18)

for all η(t) ∈ �.§

Note that, in general, quadratic stability of the system for an un-
certainty class � places an infinite number of constraints on the sym-
metric matrix K . In this section, this problem of checking quadratic
stability is converted into a numerically tractable one by using the
way the uncertainty η enters the system. To analyze the quadratic
stability of the PAH model, that is, for the case θref = 0, we use the
fact that the closed-loop matrices are affinely dependent on η. This
icing parameter is a function of time and is treated as a time-varying
uncertainty parameter that varies in a known interval; that is, it is
known that η(t) ∈ [0, ηmax] = �, as indicated in the previous section.
Given the fact that the closed-loop state-space matrix Aclosed given
by Eq. (15) is affinely dependent on the parameter η, the condition
for the quadratic stability given by Eq. (18) of the system denoted by
Eq. (17) can be simplified to checking the existence of a finite num-
ber of linear matrix inequalities (LMIs).13,§ A few more definitions
are useful in showing this:

Definition 2: The convex hull co(�0)of a set�0 is the intersection
of all convex sets containing �0.§

Proposition 1: Let f : � → � be a convex function where
� = co(�0). Then f (x) ≤ γ for all x ∈ � if and only if f (x) ≤ γ
for all x ∈ �0.

§

Defining �0 = {0, ηmax}, it is observed that � = co(�0). Now fix
y ∈ �8 and consider the mapping fy : � → � defined by

fy(η) := yT
{

AT
closed[η(t)]K + K Aclosed[η(t)]

}
y

The domain of this mapping is a convex set and by definition
� = co(�0). Furthermore, because Aclosed(η) is an affine function of
η it follows that fy(η) is a convex function of η. Now, Proposition 1
yields that fy(η) < 0 for all η ∈ � if and only if fy(η) < 0 for all
η ∈ �0. Because y is arbitrary it follows that

AT
closed[η(t)]K + K Aclosed[η(t)] < 0, η(t) ∈ �

§Taken from Scherer, C., and Weiland, S., “Linear Matrix Inequalities in
Control,” Course Notes from the Dutch Institute of Systems and Control.

Table 3 α values for the model linearized
at different velocities for ηmax = 0.1

Velocity, m/s α

60 −0.089
70 −0.1005
80 −0.1119

if and only if

AT
closed(η)K + K Aclosed(η) < 0, η ∈ �0

In other words we can say that system (14) is quadratically stable
for all time-varying perturbations η(t) ∈ � if there exists a positive
definite matrix K such that

AT
closed(η = 0)K + K Aclosed(η = 0) < 0

AT
closed(η = ηmax)K + K Aclosed(η = ηmax) < 0 (19)

B. Results
A stability analysis in terms of the decay rate of the system was

conducted, using the result in Eq. (19) mentioned in the previ-
ous subsection, for various operational conditions for the linearized
closed-loop model using the Linear Matrix Inequalities toolbox in
MATLAB.14 The idea was to look for the minimum value of the
parameter α < 0, also called the decay rate, for which V̇ (x)/
V (x) < α. This would mean that V (t) ≤ eαt V (0) for all trajecto-
ries and, hence, shows that α is a measure of the rate at which the
system response decays with time. The problem of finding the decay
rate is equivalent to the problem of finding the minimum possible
value of α < 0, for which there exists a positive definite matrix K
that satisfies

AT
closed(η = 0)K + K Aclosed(η = 0) < αK

AT
closed(η = ηmax)K + K Aclosed(η = ηmax) < αK (20)

The feasibility of the preceding two LMIs for some K > 0 guar-
antees the stability of the closed-loop system in Eq. (17) with
η(t) ∈ [0, ηmax]. The MATLAB command “decay” looks for the
minimum possible value of α for which Eq. (20) is feasible and,
thus, gives the decay rate. The system was analyzed for decay rates
at different velocities. Table 3 shows the decay rate α for aircraft
models linearized at different trim velocities with ηmax = 0.1. The
linear stability analysis of the PAH autopilot suggests that the au-
topilot will maintain longitudinal stability even in the presence of
icing. Figures 3a, 3b, 3c, and 3d show the PAH autopilot angle of
attack, pitch, elevator, and velocity responses, respectively, for an
aircraft initially trimmed at v = 60 m/s at a height of 2300 m to a
pitch-up maneuver of 5 deg. Ice builds up linearly from η = 0 at t = 0
to η = 0.1 at t = 50 s. As seen from the figures, the aircraft response
is stable and the autopilot tracks the pitch command, which is in
agreement with the stability results presented in this section. Sim-
ilar stable behavior was also noted, through simulations, for other
velocities. It should be understood, however, that when strongly non-
linear phenomena take place, like saturation of the control surfaces
or when the aircraft response enters the nonlinear aerodynamic re-
gion near stall, this analysis is no longer valid and cannot accurately
predict the overall behavior of the aircraft.

IV. Envelope Protection Under Icing Conditions
The flight envelope of the aircraft changes under icing because

the performance of the aircraft changes as a function of the icing
severity.1 This means that the aircraft envelope limits are now also
a function of the icing parameter. Hence, conventional EP schemes,
which use predetermined limits on parameters such as angle-of-
attack, bank angle, and so forth, are no longer effective in icing
conditions. This means that it is essential to introduce the concept
of the iced-aircraft envelope, where the limits on the envelope have
to be determined in real time, depending on the weather conditions,
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a) Angle-of-attack response

b) Pitch-angle response

c) Elevator-angle response

d) Velocity response

Fig. 3 Response of the PAH autopilot to a pitch-up maneuver of 5 deg at a velocity of 60 m/s with ice building up linearly from η = 0 at t = 0 to
η =ηmax = 0.1 at t = 50 s.

and enforced dynamically to ensure flight safety. The aim of this
section is to present the concept of an icing flight envelope and
present an EP scheme that equips the autopilot with the ability to
impose icing limits on itself and ensure it operates inside the icing
flight envelope.

For an EP scheme to be effective, it should have a predictive ca-
pability so that it provides sufficient time to modify the input to the
system and avoid envelope violation. Horn et al.15,16 developed such
a system for flight envelope cueing of tilt-rotor aircraft using para-
meter prediction algorithms based on available sensor data and con-
trol surface deflections. The system utilizes the functional depen-
dence of the equations of motion and the envelope limits on the
aircraft state. The method uses neural networks to estimate the so-
called dynamic trim, which forms the basis of the protection algo-
rithm.

In this paper we present a similar-in-spirit, prediction-based ap-
proach where the focus is placed on the fact that the aircraft dynamics
and envelope change in time as a function of the icing level, from
clean to iced.

A. Icing Envelope and Problem Formulation
In this paper, the issue of how to limit the reference pitch input

command that is being issued to the system, so that the aircraft
angle-of-attack response stays within stall angle limit, is addressed.
To account for the change in the aircraft dynamics as a result of icing,

the equations of motion include the icing parameter η as described
in Ref. 1. Using the definitions of the state, the control, and icing
parameter, the closed-loop equations of motion of the aircraft with
PAH autopilot on can be written as

ẋ = g(x, θref, η) (21)

where x is the state vector of the closed-loop PAH model. To com-
plete the formulation, the flight envelope is expressed through the
envelope parameter vector yp . The envelope parameter vector yp

consists of the critical parameters that need to be constrained within
the safe flight envelope. The envelope parameter vector is defined
as a function of the available state, the control, and icing parameter.
The limits of the envelope parameter vector, that is, the maximum
and minimum allowable values of the critical parameters at the given
icing condition, are defined as functions of the icing parameter:

yp = yp(x, θref, η) (22)

yplim = yplim(η) (23)

Thus, the EP problem considered is to provide a method to con-
strain the reference input θref at each time instant to ensure envelope
constraints:

yl
plim ≤ yp ≤ yu

plim (24)
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where yl
plim and yu

plim are the lower and upper limits respectively, on
the critical parameter vector given by Eq. (23). This equation forms
the core of the icing envelope because it describes the dependence
of envelope limits on the icing parameter.

B. Critical Parameter and Its Limit Boundary
From a review of icing incidents and accidents it was found that an

aircraft needed protection from wing stall, horizontal tail stall, roll
upset, and loss of longitudinal and lateral control under icing con-
ditions. For example, the ATR 72 accident of 1994 near Roselawn,
Indiana was caused by roll upset, which resulted from the loss of
roll control above a specific, but low, angle of attack.17 A com-
plete EP scheme needs to be developed that will provide protection
from all the phenomena mentioned earlier. However, in this Paper,
only the development of a system for the prevention of wing stall
is addressed. To prevent stall, the aircraft angle of attack must be
maintained at a value lower than the stall angle limit. Hence, the
critical parameter vector is chosen to be the angle of attack, that is,

yp = α (25)

Having identified the critical parameter, it was necessary to define
its boundaries as a function of data expected to be available for a
SIS-equipped aircraft. To develop this capability, data spanning the
entire envelope for different icing conditions were needed. How-
ever, because at this time only very limited data was available on
iced aircraft limits from icing tests, a very basic method was devel-
oped to calculate the limits of the angle of attack using data obtained
from wind-tunnel tests performed at the University of Illinois. The
analysis was intended to identify trends in the performance degra-
dation of an airfoil caused by simulated ice shapes. The idea was
to develop the capability to determine the stall limits based on data
available at low angle of attack. The most promising trend (linear)
was found in the comparison of 
CL at constant angle of attack with
iced airfoil CL max data, where 
CL was the difference between the
lift generated by an airfoil with simulated ice and the clean airfoil at
the specified angle of attack.11 Assuming a linear relation between
stall angle of attack and the CL max, it was possible to define the limit
value of the angle of attack as11,18

αstall = f (
CL) (26)

where 
CL can be seen as a function of η.

C. Envelope Limiting Using Steady-State Estimation
An EP system built into an autopilot should be able to perform

two functions: limit detection and limit avoidance. The system must

Fig. 4 Envisioned envelope protection system for the PAH autopilot.

detect the encroachment of an envelope limit, and then it must take
measures to prevent the violation of the limit. Because there is a time
lag between the reference input and the closed-loop response, a limit
avoidance cueing system, based on instantaneous data, may allow
inputs that will take the response of the aircraft beyond the allowable
limits and, hence, it would not be a reliable EP system. Thus, it
is necessary to have a prediction lead time; that is, it is desirable
that the limit-detection algorithm estimate future values of a limited
parameter in order to provide sufficient time margin for the autopilot
system to react to it. Hence, given the icing parameter value, the EP
system should be able to calculate the envelope limits and, based
on those limits, identify the reference inputs to the autopilot beyond
which the maximum response of the critical parameter will cross
the limit in the future. Then it should constrain the θref inputs within
these values.

To check whether a particular input leads to exceeding the enve-
lope limits, one has to run forward in time using Eq. (21) along with
Eqs. (22) and (23) and check if Eq. (24) is satisfied. This constitutes,
in principle, the natural basis of EP; that is, one can (on the fly) run
forward using Eq. (22) assuming θref is kept constant at its current
value and check if angle-of-attack limits will be violated. If so, one
can accordingly reduce θref to a value that keeps the aircraft in the
envelope.

A simple practical approach of doing predictions based on steady-
state behavior is chosen. This has the advantage of requiring minimal
online calculations; that is, we do not have to run Eq. (22) forward
in time as it is basically done in Ref. 15. It is also based on the
fact that with the PID controller used for the PAH autopilot, the
angle-of-attack response for step inputs achieves the maximum at
steady state at all flight conditions. The idea is to obtain limits on the
reference pitch-angle values that are the input to the PAH autopilot
so that the steady-state angle-of-attack response stays less than the
stall angle. The effective prediction lead time that is achieved is the
settling time of the step response. It should be noted that no claim
on the convergence of this scheme is made and no theoretical proof
of its successful operation is provided. Table 4 shows some limit
values obtained using the steady-state analysis for the clean case for
which the stall angle is 17.5 deg. Table 5 shows the limit values for
the fully iced case with η = 0.06 for which the stall angle is 11.4 deg
at a height of 2300 m.

D. Envelope Protection Module Based on Steady-State Analysis
Figure 4 shows the schematic of the autopilot system equipped

with the EP scheme. It is assumed throughout the development
that the icing-severity parameter η is estimated sufficiently ac-
curately by some online icing characterization function. Such a
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Table 4 Maximum θref allowed from steady-state
analysis at different velocities for the clean case

Velocity, m/s Maximum θref, deg

60 9.5
65 10.9
70 12.7

Table 5 Maximum θref allowed from steady-state analysis
at different velocities for the iced case with η = 0.06

Velocity, m/s Maximum θref, deg

60 6.9
65 9
70 11.1

Fig. 5 Input command limiting scheme for envelope protection.

function is indeed feasible.9,19 The EP module works in the
following steps:

1) It obtains the angle-of-attack limit using the information on
the currently available value of the icing parameter η.

2) It calculates the limit on θref by using this limit on the angle of
attack.

3) It then reduces the θref input from the pilot, if required, to ensure
it is inside the limit obtained in step 2 and sends a warning to the
pilot.

The determination of limits on the reference pitch command is
based on offline data collected for different flying conditions. A
series of reference pitch commands are issued for several flying
conditions, and different levels of icing and the steady-state values
of the angle of attack for all situations are recorded in a variable
along with the reference pitch commands, the trim velocity, and the
ice parameter value to which they correspond. This can be done in
simulation or looking at the dc gain of the transfer function from
reference input to angle of attack for various η levels. The dif-
ferences appeared to be small (at least when linear aerodynamic
models with nonlinear equations of motion are considered). Then
the steady-state angle-of-attack response at a given flying velocity,
and ice parameter η to a reference pitch command, can be obtained
from the data by using three-dimensional interpolation. At any time
instance, a quick iteration finds out an estimate of the θref max that is
the maximum reference pitch input for which the angle-of-attack re-
sponse just manages to stay within the stall limit at the current flying
condition.

With this function at hand, the mechanism for EP works as fol-
lows: at any checking instance, the sum of θref max and the current
θ value is compared with the θref issued at the previous checking
instance; if the latter is greater than the former then it is reduced
to equal the former. This check is done every 5 s. The procedure
is depicted in Fig. 5. As shown in Fig. 5, every 5 s the EP module
interpolates between data to obtain θref max at the current flying con-
ditions, using the current velocity and η value. It then checks whether
θref > θ1 + θref max. If that is the case, then it sets θref = θ1 + θref max.
If not, it leaves θref unaltered. This function is incorporated into

the autopilot part of the aircraft, where it checks for the reference
pitch command every 5 s and modifies it if it is greater than the
allowable reference pitch at that particular flying condition. Work
is under way to incorporate the aforementioned EP module into the
IEFS.3

E. Simulation Results
Two different situations are considered here: one where aerody-

namics are linear and another where they are nonlinear. In both
cases the overall model contained the nonlinear kinematics and
dynamics. The first case was considered to test the command-
limiting EP module and verify its effectiveness in protecting angle-
of-attack excursions beyond stall. By employing a much more
realistic aerodynamics model, the case with nonlinear aerodynam-
ics, it was examined how dangerous the behavior can be if the EP
is off. We mention here that all the SIMULINK simulations in-
clude the effects of the discretization of the controller and the EP
scheme. These functions were running at 10 Hz. The simulations
do not change even if the sampling hold elements run at substan-
tially slower rates. Thus, from the hardware point of view, they are
trustworthy.

1. Linear Aerodynamics Case
Two different scenarios are discussed in this subsection and the

successful operation of the EP module is demonstrated.
1) The aircraft is initially trimmed at V = 60 m/s at a height

of 2300 m with icing level of η = 0.06; that is, the aircraft is ini-
tially trimmed with iced condition and the icing level stays the
same throughout the maneuver. The stall limit at this icing level
is 11.4 deg. A pitch-up command of 7.6 deg is issued. Figure 6a
shows the angle-of-attack response comparison for the case with
the EP module off against the one with the EP module on. Clearly,
for the case when the EP module is kept on, the angle-of-attack
response does not violate the stall limit. This happens because the
EP module manages to detect that the issued pitch-up command
is greater than the maximum allowable value at this flying condi-
tion and cuts it down, as shown in Fig. 6c. The corresponding pitch
response comparison is shown in Fig. 6b. Corresponding altitude,
elevator, and velocity responses are shown in Figs. 6d, 6e, and 6f,
respectively.

2) The aircraft is initially trimmed at a height of 2300 m and a
velocity of 60 m/s under clean conditions. A pitch-up command of
7.6 deg is issued, and ice starts to build and grows from η = 0 at
t = 0 to η = 0.06 at t = 50 s. As seen from Fig. 7a, the angle-of-
attack response in the case where the EP scheme is not operational
crosses the stall angle limit. Note that the limit is dynamic because
of the change in the icing severity. The angle-of-attack stall limits
starts from 17.6 deg under clean conditions and falls to 11.4 deg
by 50 s, when the icing level reaches η = 0.06. In comparison,
the EP scheme manages to sense the approaching αstall dynamic
limit and cuts down the reference pitch value as shown in Fig.7c to
avoid the stall limit violation well in advance. Figs. 7e, 7f, and 7d
show the corresponding elevator, velocity, and altitude responses,
respectively.

In both of these scenarios, the response of the aircraft above the
stall limit, when the EP module is off, is not realistic. That is, this
“benign” behavior of the aircraft in stall is solely due to the linear
aerodynamics model assumed, which really does not capture the
poststall iced behavior described in Ref. 18. In that sense, these
figures should be taken as a demonstration of successful angle-of-
attack limiting when the EP module is on. A more realistic picture
is given in what follows, where a poststall nonlinear icing aerody-
namics model is used.18

2. Nonlinear Aerodynamics Case
Two cases are considered:
1) The aircraft is initially trimmed at a height of 2300 m and a

velocity of 60 m/s under icing conditions with η = 0.06. A pitch-up
command of 7.6 deg is issued. As seen from Fig. 8a, in the case
where the EP scheme is not operational, the angle of attack crosses
the stall angle limit, and the aircraft stalls with the altitude falling
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a) Angle-of-attack response

b) Pitch response

c) θref time history

d) Altitude response

e) Elevator response

f) Velocity response

Fig. 6 Case 1: Different responses.

as shown in Fig. 8d. The stall limit is at around 11.4 deg at this
icing level. In comparison, the EP scheme manages to sense the
approaching αstall limit and cuts down the reference pitch value as
shown in Fig. 8c to avoid the stall limit, thus avoiding undesirable
behavior.

2) The aircraft is initially trimmed under clean conditions at a
height of 2300 m and a velocity of 60 m/s. A pitch-up command of
7.6 deg is issued. Ice starts to build from η = 0 at t = 0 to η = 0.06 at
t = 50 s. As seen from Fig. 9a, the angle-of-attack response, in the
case where the EP scheme is not operational, stalls after some time.
The stall is also seen from Fig. 9d, where the height of the aircraft
falls in the case where the EP module is not incorporated, indicating
that it is dangerous to operate the autopilot under icing without the
EP module. In comparison, the EP scheme manages to sense the
approaching αstall dynamic limit and cuts down the reference pitch
value as shown in Fig. 9c to avoid the stall limit. Note that the stall
limit is dynamic because of the varying icing level over time.

Many other simulations were run with nonlinear aerodynamics
and it was seen that the EP module performed well to keep the air-
craft response inside the iced envelope and maintain safe operation
of the autopilot.

F. Discussion and an Alternative Approach
The previously mentioned EP scheme bases its predictions on

steady-state offline data. The regular checking of the input com-
mand provides online adjustments that have proven in simulation
to work effectively. An alternative approach, which is based on
a worst-case scenario, is presented in what follows. It captures
the relation between size of input and peak transients, assuming
a worst-case input, and it can therefore provide a potential guide
to EP. To this end, consider the form of the linearized closed-loop
system,

ẋ = Ax + Bw, z = Cx + Dw (27)

where z is an output vector that includes the critical parameters of
the system we would like to limit, and w represents an exogenous
input. For the purposes of EP, we choose w as the pitch reference
input θref and z is chosen as:

z =
[

α/αmax

δe

/
δmax

e

]
(28)
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a) Angle-of-attack response

b) Pitch response

c) θref time history

d) Altitude response

e) Elevator response

f) Velocity response

Fig. 7 Case 2: Different responses.

where αmax is the maximum angle-of-attack value at the current
icing level, and δmax

e is the maximum elevator deflection. Note that
we included the deflection δe to capture elevator deflection limits. In
the previously described EP scheme this was not an issue, because
the steady-state angle-of-attack response will always dominate the
steady-state elevator deflection. That is, stall limits will be reached
without elevator saturation at steady state. Using Eq. (10) and
defining

C1 = [0 1/αmax 0 0 0 0 0 0]

Eq. (28) can be rewritten as

z =






C1x

1

δmax
e

(Celvx3 + Delvu3)




 (29)

Defining C̄elv = Celv/δ
max
e , D̄elv = Delv/δ

max
e , and using the defini-

tion of u3 from the previous section, the preceding equation can be

written as

z =
[

C1

C̄

]
x +

[
0

Ē

]
xref (30)

where

C̄ = [−D̄elv(Kθ + Kq) D̄elv C̄elv], Ē = D̄elv Kθ

Equation (30) can be rewritten as

z =
[

C1

C̄

]
x +

[
0

D̄elvkθ

]
θref (31)

Define

B̄closed =






Bac Delvkθ

−Ki kθ

Belvkθ





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a) Angle-of-attack response

b) Pitch response

c) θref time history

d) Height response

e) Elevator response

f) Velocity response

Fig. 8 Case 1 using nonlinear aerodynamics: Different responses.

The closed-loop PAH system can be rewritten as

ẋ = Aclosedx + B̄closedθref (32)

Now Eqs. (32) and (31) express closed-loop PAH autopilot in the
form of Eq. (27) with

A = Aclosed, B = B̄closed, C =
[

C1

C̄

]

D =
[

0

D̄elvkθ

]
, w = θref (33)

Given this setup, we can look at the peak-to-peak gain of the closed
loop given by the induced norm

‖T ‖∞,∞ = sup
w 
= 0

‖z‖∞
‖w‖∞

(34)

where l∞ is the space of signals z : �+ → �p of finite amplitude
given by

‖z‖∞ := sup
t ≥ 0

√
zT (t)z(t)

Then the following gives a sufficient condition for ‖T ‖∞,∞ < γ .

Proposition 4.1: If there exists K > 0, λ > 0, and µ > 0 such that

[
AT K + K A + λK K B

BT K −µI

]

< 0






λK 0 CT

0 (γ − µ)I DT

C D γ I




 < 0 (35)

the peak-to-peak norm of the system in Eq. (27) is smaller than γ .§

The implication is that to keep

|α(t)| < αmax, |δe(t)| < δmax
e (36)

§Taken from Scherer, C., and Weiland, S., “Linear Matrix Inequalities in
Control,” Course Notes from the Dutch Institute of Systems and Control.
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a) Angle-of-attack response

b) Pitch response

c) θref time history

d) Height rsponse

e) Elevator response

f) Velocity response

Fig. 9 Case 2 using nonlinear aerodynamics: Different responses.

for all time, it is enough to keep

‖z‖∞ = sup
t ≥ 0

√
z2

1(t) + z2
2(t) = sup

t ≥ 0

√(
α(t)

αmax

)2

+
(

δe(t)

δmax
e

)2

≤ 1

(37)

The preceding inequality is guaranteed if ‖w‖∞ < 1/γ or, equiva-
lently, if

|θref(t)| < 1/γ for all t (38)
This analysis suggests, therefore, a procedure to calculate an al-

lowable range for θref by calculating the minimum γ for which
the LMI conditions in Eq. (35) are satisfied. Note that these LMIs
should hold for all values of η ∈ � = [0, ηmax]; that is, these con-
ditions form an infinite set of constraints. However, the left-hand
sides of these inequalities are affine functions of the parameter η,
because the closed-loop state-space matrices are affinely dependent
on η. Hence, the conditions in Eq. (35) need only be checked for
η ∈ �0 = {0, ηmax}.§ That corresponds to a finite set of LMIs in the

§Taken from Scherer, C., and Weiland, S., “Linear Matrix Inequalities in
Control,” Course Notes from the Dutch Institute of Systems and Control.

Table 6 Minimum γ values obtained for ηmax = 0.06
at different velocities for the l∞ norm analysis

using LMI techniques

Velocity, m/s γ

60 12.5
65 10
70 9.8

variables K , λK , and µ. The problem now is to look for the min-
imum value of γ and solve for the LMIs in Eq. (35) evaluated at
η = 0 and η = ηmax and K > 0, λK > 0, µ > 0 in the variables K ,
λK , and µ. These obtained γ values give bounds on the closed-
loop transfer-function-induced l∞ norm for the linearized models at
different flying conditions. This problem is solved using the LMI
toolbox in MATLAB called the LMILAB for minimum values of
γ that would satisfy the preceding system of LMIs. Table 6 shows
some values obtained from the aforementioned techniques at differ-
ent velocities.

The procedure for obtaining γ limits on the induced l∞
closed-loop norm is coded in MATLAB using LMILAB, and the
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Table 7 Reference pitch limits obtained for PAH autopilot
at different flying conditions for both the clean and iced

conditions using LMI techniques

Clean case Iced case (η = 0.06)

Velocity, m/s Maximum |θref|, deg Velocity, m/s Maximum |θref|, deg

60 6.0311 60 4.5837
65 7.5389 65 5.7296
70 5.8465 70 5.8465

corresponding limits on θref obtained using Eq. (38) for an aircraft
model linearized at different velocities are tabulated in Table 7. Note
that values in this table are in degrees and are obtained by multi-
plying the corresponding γ values by 180/π . From these tables it
can be seen that this approach constrains the pilot input θref more
drastically than the previous method. This is expected, because this
method assumes that a worst-case θref is possible while, in fact, it
may be an input that an ordinary pilot would never realize. This can
provide some more robustness—to uncertainty in flying conditions,
erroneous η estimates, as well as to unexpected pilot actions—at the
expense of a more conservative icing envelope.

V. Conclusions
The effects of ice on the behavior of a typical PAH autopilot was

investigated. The Twin Otter aircraft model was considered in this
study as a representative type of commuter airplanes that appear to
be the most sensitive to icing. A standard pitch attitude controller
was chosen, with gains scheduled with respect to the aircraft velocity
to provide good performance under clean conditions over the en-
tire envelope. Using a time-varying model of the aircraft dynamics
that depends affinely on an ice-severity parameter, a quadratic sta-
bility analysis was conducted to deduce that the (linearized) closed
loop maintains stability under icing conditions. This fact was also
confirmed through simulation results.

In addition to these analyses, a practical EP scheme was developed
to keep the angle of attack within the (time-varying) iced envelope.
In this approach, limits on the reference pitch values were obtained
offline at different flying conditions such that the steady-state angle-
of-attack response stayed within the stall limits. These data were
then used to obtain a prediction lead time for online checking of
the reference pitch inputs in order to avoid stall when the aircraft
is in operation under the influence of ice accretion. The successful
operation of this algorithm was demonstrated through simulations.
An alternative, more conservative, LMI-based approach to obtain
bounds on the allowable reference pitch commands was also pre-
sented. We mention at this point that we do not have an analytical
proof of safety of the proposed EP scheme; it is only based on
simulations. In that sense, it cannot be argued that it guarantees
safety, nor can we argue that the allowed θref will converge (as-
suming the pilot does not change his/her stick input). The situation
is quite similar to gain scheduling where, typically, only through
simulations can stability be demonstrated for the entire operational
range.

This paper investigated only the behavior of the PAH autopilot
under icing conditions and it therefore constitutes an initial and par-
tial study on the effects of ice accretion on aircraft safety. Current
research is under way to study such safety issues related to other
autopilot modes of operation. Moreover, the PAH model of the au-
topilot used here has already been integrated into the IEFS being
developed at the University of Illinois, and further work is under
way to incorporate and test the EP scheme developed in this paper.
In addition, initial flight testing10 has been done and we plan to test
these algorithms on a real platform.

The simulation results of this Paper have indicated that a simple
EP scheme is good enough to avoid stall and no controller adaptation

is necessary. However, it still remains an open question as to how
well, if at all, an airplane can recover from a severe envelope viola-
tion. Control reconfiguration/adaptation has the potential to provide
some answers to these types of questions and it is currently under
investigation.
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